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Recent studies have revealed that the randomness-induced quantum spin liquid (QSL)-like state
is stabilized in certain frustrated quantum magnets in two and three dimensions. In order to clarify
the nature of this gapless QSL-like state, we investigate both zero- and finite-temperature properties
of the random-bond one-dimensional (1D) s = 1/2 Heisenberg model with the competing nearest-
neighbor and next-nearest-neighbor antiferromagnetic interactions, J1 and J2, by means of the exact
diagonalization, density-matrix renormalization-group and Hams–de Raedt methods. We find that,
on increasing the frustration J2, the gapless nonmagnetic state stabilized in the unfrustrated model
with J2 = 0, the unfrustrated random-singlet (RS) state, exhibits a phase transition into different
gapless nonmagnetic state, the frustrated RS state. This frustrated RS state in 1D has properties
quite similar to the randomness-induced QSL-like state recently identified in 2D and 3D frustrated
magnets exhibiting the T -linear low-temperature (T ) specific heat, while the unfrustrated RS state
is more or less specific to the unfrustrated 1D system exhibiting the ∼ 1/(log T )3 low-T specific
heat. Universal features and the robustness against perturbations of the frustrated RS state are
emphasized.
I. INTRODUCTION
The quantum spin liquid (QSL), the magnetically dis-
ordered state of quantum magnets not accompanied by
any spontaneous symmetry breaking down to low tem-
peratures, has attracted much attention as a novel state
of magnets since the earlier proposal of the resonating-
valence bond (RVB) state by Anderson [1]. While the
proposal has long been limited to the theoretical one,
many candidate materials have been reported in this
century [2–4]. Many of them are frustrated quantum
magnets such as triangular [5, 6] and kagome [7] mag-
nets, which include not only the geometrically frustrated
magnets, but also the other types of frustrated magnets
bearing the competition between the nearest-neighbor
(NN) and further-neighbor interactions [8] or the one be-
tween the two-body and multi-body interactions [9], etc.
Most of them are two-dimensional (2D) magnets with
enhanced fluctuations, but a few three-dimensional (3D)
examples [10] are also reported.
The physical origin of these QSL states has hotly been
debated theoretically. Though most of these approaches
presume that the QSL property is an attribute of the
clean system, it has recently been suggested that the ran-
domness could often be essential in stabilizing the QSL
in 2D and 3D quantum magnets [4, 11–22]. Especially,
one of the present authors (H.K.) and collaborators have
demonstrated by using the exact diagonalization (ED)
method that the introduction of randomness to frustrated
magnets universally induces the gapless QSL-like state in
a variety of s = 1/2 Heisenberg systems, including the
triangular [12, 14], kagome [13, 14], J1-J2 square [18],
J1-J2 honeycomb [15], and even 3D pyrochlore [22] mag-
nets, as long as they possess a certain amount of frus-
tration and randomness, arguing that many of experi-
mentally reported QSL candidates might indeed be such
randomness-induced one. They called such randomness-
induced QSL-like state in 2D and 3D “the random-singlet
(RS) state”. Thermodynamically, the RS state in 2D
and 3D frustrated magnets are gapless nonmagnetic state
[12, 13, 15, 18, 20–22] characterized by the temperature
(T )-linear low-T specific heat [12, 13, 15, 18, 22], the gap-
less susceptibility often with an intrinsic Curie-like tail
[12, 13, 15, 18, 22], and the broad and gapless structure
factor [13–15, 18, 21, 22].
While the QSL candidates recently observed experi-
mentally are mainly 2D with a few 3D examples, less
attention seems to be paied to one-dimensional (1D) sys-
tems [23]. In fact, intensive theoretical studies were made
in the last century concerning the effect of quenched ran-
domness on the quantum state of the 1D quantum spin
chain, typically for the unfrustrated 1D s = 1/2 an-
tiferromagnetic (AFM) Heisenberg chain [24–27]. The
strong disorder renormalization group (SDRG) analysis
introduced by Ma, Dasgupta and Hu [25] turned out
to be especially powerful, yielding in the simplest sit-
uation asymptotically exact results at long length scales.
These SDRG studies revealed that the gapless nonmag-
netic state consisting of spatially random covering of in-
dependent singlet-dimers was stabilized in the s = 1/2
random-bond 1D Heisenberg spin chain with the AFM
nereast-neighbor (NN) interaction. This gapless non-
magnetic state is characterized by the infinite-disorder
fixed point (IDFP) where the SDRG analysis becomes
asymptotically exact [27]. Such a state stabilized in
the unfrustrated 1D chain was also called the “random-
singlet state”, after which the randomness-induced QSL-
like state recently identified in 2D and 3D frustrated mag-
2nets was named [4, 12, 22].
The SDRG analysis has revealed that the RS state in
the unfrustrated 1D chain is made only of singlet-dimers,
while the distance between spins forming a singlet-dimer
could be far leading to the randomness-averaged spin cor-
relation falling off slowly with a power law. The low-
temperature specific heat was predicted to behave as
∼ 1/(logT )3 [26].
Such SDRG analysis motivated the similar subsequent
studies for other random systems [28, 29], including the
frustrated J1-J2 (zigzag) chain [30–32], the ferromagnetic
(FM)-AFM chain [33–35], and even to the 2D and 3D
frustrated spin systems [36], although the validity of the
SDRG method is not necessarily obvious for these mod-
els.
Then, the question one naturally asks might be what
is the relation, i.e., the similarity and the difference, be-
tween the RS state in 1D unfrustrated systems studied
earlier and the one in 2D and 3D frustrated systems stud-
ied recently. The two RS states, which we henceforth
call unfrustrated and frustrated RS states, respectively,
look somewhat similar as both states are randomness-
induced gapless nonmagnetic states. In fact, this was the
reason why Refs.[4, 12, 22] used the name “RS” for the
randomness-induced QSL-like state realized in frustrated
2D and 3D magnets.
Nevertheless, a closer examination suggests that some
apparent differences also exist between the unfrustrated
and frustrated RS states. For example, the low-T spe-
cific heat behaves as ∼ 1/(logT )3 in the unfrustrated RS
state in 1D [4, 26], while as ∼ T in the frustrated RS
state in 2D and 3D [4, 22]. Furthermore, while the un-
frustrated RS state always consists of singlet ground state
and hence
[〈S2tot〉
]
= 0 (〈· · ·〉 and [· · · ] respectively repre-
sent the ground-state and the random average), the frus-
trated RS state contains a finite fraction of non-singlet
ground states, and hence
[〈S2tot〉
]
> 0.
The miscroscopic character of the states also seems to
differ somewhat, though both RS states are spin-singlet-
based states. The unfrustrated RS state characterized by
the IDFP consists exclusively of hierarchically organized
singlet-dimers [27], and the low-energy excitation is the
singlet-to-triplet excitation which is more or less localized
spatially. By contrast, while the frustrated RS state also
contains hierarchically organized singlet-dimers, it also
contains a significant amount of “orphan spins”, unpaired
spins mobile diffusively, as well as singlet-dimers clusters
formed via the quantum-mechanical resonance between
energetically degenerate singlet-dimers configurations [4].
Most importantly, the low-energy excitations of the 2D
frustrated RS state seem more ‘dynamical’ than those in
the 1D unfrustrated RS state in that the majority of low-
energy excitation are the orphan-spin diffusion accompa-
nied by the recombination of nearby singlet-dimers, and
the formation and destruction of singlet-dimers clusters,
which might be responsible for the different behavior of
the low-T specific heat of the two RS states. These ob-
servations suggest that the fixed point (FP) describing
the furstrated RS state might be the finite-disorder FP
rather than the infinite-disorder one known to describe
the unfrustrated RS state.
Furthermore, the stability of the state seems to differ
between the frustrated and unfrustrated RS states. Re-
cent studies have revealed that the frustrated RS state
is a highly universal state realized in a wide variety of
quantum magnets with certain amount of frustration
and randomness, independent of the lattice type, the
details of interactions, and even the spatial dimension-
ality being two or three. Namely, the frustrated RS
state as realized in a wide variety of models exhibit
in common the T -linear specific heat originating from
the singlet-dimers recombination [12, 13, 15, 18, 22], the
Curie-like gapless susceptibility arising from orphan spins
[12, 13, 15, 18, 22], and the broad structure factor re-
flecting the absence of characteristic energy scales [13–
15, 18, 21, 22].
Such robustness of the frustrated RS state is in appar-
ent contrast to that of the unfrustrated RS state, which
is rather fragile against weak perturbations such as the
introduction of frustration [32] and the 2D (3D) coupling
[37]. Recall that the unfrustrated RS state stabilized in
the 1D unfrustrated AFM Heisenberg chain is destroyed
by the introduction of an infinitesimal amount of frus-
tration (J2/J1)[32], and the unfrustrated random anti-
ferromagnets in d ≥ 2 dimensions generically exhibits
the standard AFM order even with the extremely strong
randomness [37], the unfrustrated RS state being hardly
stabilized there. Such a contrast in the stability of the
frustrated and unfrustrated RS states might also suggest
some fundamental difference between the two RS states.
In view of such a situation, it would be highly desirable
to further clarify the relation between the frustrated RS
state recently identified in frustrated 2D and 3D random
systems and the unfrustrated RS state identified ealier
in unfrustrated 1D random system. For this purpose, we
study in the present paper the frustrated 1D random sys-
tem, i.e., the random s = 1/2 Heisenberg chain with the
competing AFM NN and next-nearest-neighbor (NNN)
interactions, J1 and J2. For J2 = 0, the model reduces to
the well-studied unfrustrated Heisenberg chain, for which
the existence of the unfrustrated RS state described by
the IDFP has been established. By contrast, for finite
non-negligible J2, i.e., in the presence of non-negligible
frustration, the issue of the stable ground-state still re-
mains not entirely clear.
The SDRG method applied to the frustrated random
J1-J2 chain [30–32] indicated that the ground state was
the large-spin state characterized by the large-spin FP,
the FP different from the unfrstrated RS FP, even for
an infinitesimally small J2, i.e., J2/J1 & 10
−6 [32]. The
large-spin FP is the 1D counterpart of the spin-glass (SG)
FP where Seff , the average size of the effective spin,
behaves as Seff ∼ N1/2 (N the total number of spins).
The same relation holds also in the 1D FM-AFM model,
a typical SG-like model with the random mixture of the
FM and AFM NN interactions [33–35], which is believed
3to be governed by the large-spin FP. The SDRG method
predicted that the low-T specific heat of the large-spin
state behaved as C ∝ T 1/z log T , where the dynamical
exponent z was estimated to be 1/z . 0.15 in the J1-J2
chain [32], and 1/z ∼ 0.44 in the FM-AFM chain [33, 34].
Meanwhile, concerning the validity of the SDRG
method applied to the frustrated J2 > 0 random
Heisenberg chain where the independency of the dimer-
formations at different energy scales is not clear in con-
trast to the case of the unfrustrated random Heisen-
berg chain of J2 = 0, care needs to be taken. Fur-
thermore, there are rather few direct numerical calcu-
lations like the ED or density-matrix renormalization-
group (DMRG) methods performed for the random J1-
J2 chain [38]. Hence, the issue of the ground state of the
random J1-J2 chain with non-negligible frustration still
seems to deserve careful numerical examination.
In the present paper, we try this task by investigating
the nature of the ground state of the frustrated random
J1-J2 chain by means of the ED and DMRG methods.
Particular attention is paied to the question of whether
the unfrstrated RS state is really destabilized by the in-
troduction of frustration J2, and if so, the frustration-
induced state is really the large-spin state as predicted
by the SDRG analysis. The other possibility may be that
the frustration-induced state is the 1D counterpart of the
frustrated RS state recently identified in various 2D and
3D frustrated models. Such expectation might not be
so unusual, if one recalls that the recent studies have
revealed the insensitivity of the frustrated RS state to
the spatial dimensionality d [22], at least for the cases of
d = 2 and 3. If such an insensitivity of the frustrated RS
state to the dimensionality is to be extended to d = 1,
both the unfrustrated RS state and the frustrated RS
state might be stabilized in the J1-J2 model with vary-
ing the frustration strength J2, i.e., the unfrustrated RS
state for J2 = 0 (or J2 < Jc) and the frustrated RS state
for J2 > 0 (or J2 > Jc), which are separated via a phase
transition. Such an observation would unambiguously in-
dicate that the frustrated RS state and the unfrustrated
RS state are distinct quantum states.
Indeed, we find that the frustrated RS state, instead
of the large-spin state, is stabilized in the J2 > Jc region.
In this way, we expect that the fuller understanding of
the ground state of the frustrated 1D J1-J2 model could
provide some useful information even on the nature of
the RS state in general identified for the frustrated 2D
and 3D systems.
The rest of the paper is organized as follows. In Sec-
tion II, we introduce the models analyzed in the present
paper, i.e., the s = 1/2 random-bond isotropic Heisen-
berg model with the competing NN and NNN AFM in-
teractions J1 and J2, and the s = 1/2 random isotropic
Heisenberg model with the competing FM and AFM NN
interactions. While our main focus is on the former
model, the latter model is also studied to better un-
derstand the nature of the ground state of the former
model. The details of our numerical computations, i.e.,
the ED and DMRG calculations, are explained. The re-
sults of the ED calculations are presented in Section III.
In Section IIIA, we present the ground-state phase di-
agram of the J1-J2 model in the frustration (J2) versus
the randomness (∆ to be defined below) plane. In Section
III B, we focus on the relation between the unfrustrated
RS state stabilized in the weaker J2 region and the frus-
trated RS state stabilized in the stronger J2 region. In
Section III C, the nature of the frustrated RS state is fur-
ther clarified by comparing its thermodynamic properties
with those of the random FM-AFM chain expected to be
in the large-spin state. The results of the DMRG calcu-
lations on the spin-spin correlation function of the J1-J2
model and the random FM-AFM model are presented in
Section IV. Particular attention is paied to the spatial-
decay exponent of the spin-spin correlation function. In
Section V, microscopic character of the ground state and
the low-lying excitations of the 1D frustrated RS state
is studied via the singlet-dimer configurations. Finally,
Section VI is devoted to summary of the results.
II. THE MODEL
The model we study is mainly the random-bond s =
1/2 Heisenberg spin chain with frustrating NN and NNN
AFM interactions, J1 and J2. The Hamiltonian is given
by
H = J1
∑
〈i,j〉
1
jijSi · Sj + J2
∑
〈i,j〉
2
jijSi · Sj, (1)
where Si = (S
x
i , S
y
i , S
z
i ) is the s = 1/2 spin operator at
the i-th site of the 1D chain, the sums 〈i, j〉1 and 〈i, j〉2
are taken over all NN and NNN pairs, and jij is the
random variable obeying the bond-independent uniform
distribution between [1 − ∆, 1 + ∆] with 0 ≤ ∆ ≤ 1.
We put J1 = 1 and J2/J1 = J2 > 0. The parameter
J2 then represents the degree of frustration borne by the
competition of J1 and J2. The parameter ∆ represents
the extent of the randomness. For simplicity, we take the
extent of the randomness ∆ to be common between J1
and J2. Note that, by tuning the parameters ∆ and J2,
we can control the degrees of both the randomness and
the frustration independently.
Furthermore, in order to better understand the data
of the J1-J2 chain, we also study the random FM-AFM
Heisenberg chain whose Hamiltonian is given by
H = J1
∑
〈i,j〉
1
j′ijSi · Sj , (2)
where j′ij obeys the bond-independent uniform distribu-
tion between [−1, 1], similarly to the typical SG model.
The ground-state properties of the J1-J2 chain and
the FM-AFM chain are studied both by the ED Lanc-
zos method and the DMRG method. We treat finite-
size clusters with the total number of spins N up to
4N ≤ 32 with periodic boundary conditions (BC) in the
ED calculation (N is taken to be a multiple of 4 with
8 ≤ N ≤ 32), and N = 24, 32, 48, and 64 with open BC
in the DMRG calculation. The numbers of independent
bond realizations Ns used in the sample averaging are
Ns = 100 and 20 for N = 8–28 and 32, respectively, for
the order parameter and the spin gap in the ED calcula-
tion, and Ns = 100 for all N in the DMRG calculation.
In the DMRG calculation, detailed checks of the data
convergence and the data consistency are performed to
avoid problems caused by the massive degeneracy near
the ground state (see SIV of supplemental materials for
more details [39]). Error bars are estimated from sample-
to-sample fluctuations.
The finite-temperature properties of the J1-J2 chain
and the FM-AFM chain are computed by the Hams–de
Raedt method [40, 41]. The computation is performed
with the averaging made over Nv initial vectors and Ns
independent bond realizations. In the case of the J1-
J2 chain, the employed (Nv, Ns) values are (70, 100) for
N = 20, (30, 100) for N = 24, and (20, 25) for N = 28
for the frustrated case of J2 > 0, while (100, 100) for
N = 20 and 24, (45, 100) for N = 28, and (10, 25) for
N = 32 for the unfrustrated case of J2 = 0, respectively.
In the case of the FM-AFM chain, they are (70, 100) for
N = 20, (30, 100) for N = 24, and (20, 100) for N = 28.
Error bars of physical quantities are estimated from the
scattering over both samples and initial states by using
the bootstrap method.
III. THE EXACT-DIAGONALIZATION STUDY
In this section, we present the results of our ED cal-
culations on the random J1-J2 chain both at T = 0 and
at T > 0, including the unfrustrated case of J2 = 0. We
also study the properties of the random FM-AFM chain
to clarify the properties of the J1-J2 chain.
A. The phase diagram
Before presenting the detailed data, we first show the
ground-state phase diagram of the J1-J2 chain in Fig. 1
in the frustration (J2) versus the randomness (∆) plane.
The ∆ = 0 line corresponds to the regular model studied
in previous works [42–44].
In the phase diagram shown in Fig. 1, four dis-
tinct phases are identified. Two of them, i.e., the
Tomonaga-Luttinger liquid (TLL) and the gapped dimer-
ized phase have already been identified in the regular
model. Though the dimerized phase has a finite width
along the ∆ axis in the phase diagram of Fig. 1, this
might be the finite-size effect since the dimerized phase
accompanied by spontaneous symmetry breaking was re-
ported to be unstable against the introduction of ran-
domness [45]. The unfrustrated RS phase stabilized in
the weaker-J2 region is a well-known phase extensively
investigated in the SDRG study [27], which is charac-
terized by the singlet ground state 〈S2tot〉 = 0 and the
low-temperature specific heat C ∝ 1/| logT |3 [26, 27].
The SDRG analysis indicated that the unfrustrated RS
state was unstable against the introduction of very weak
J2 . 10
−6 [32]. In our computation, the unfrustrated
RS phase seems to spread over a wider finite-J2 region
than that predicted by the SDRG analysis, but this would
probably be a finite-size effect due to the small sizes of
our ED calculation.
According to our present analysis, the upper-right
phase turns out to be the frustrated RS phase as will
be later detailed, whose properties are quite similar to
the one stabilized in the d ≥ 2 frustrated spin systems.
The SDRG studies reported that the large-spin FP dom-
inates the relevant part of the phase diagram [32]. We
observe, however, that some of the properties of the ran-
dom J1-J2 chain, e.g., the spin freezing parameter and
the low-temperature specific heat, are qualitatively dif-
ferent from those of the random FM-AFM spin chain
which is expected to be governed by the large-spin FP:
See Section III C below for more details.
Now, we describe how we draw the phase diagram
shown in Fig. 1. The phase boundary between the un-
frustrated RS phase and the frustrated RS phase, rep-
resented by green points in Fig. 1, is determined from
the ratio of the non-singlet ground-state samples with
〈S2tot〉 > 0, R, by using the property that R = 0 in the
unfrustrated RS state while R > 0 in the frustrated RS
state. The details will be given in Section III B below,
with some additional information also given in SII of sup-
plemental materials [39].
The phase boundary between the dimer phase and the
two RS phases, represented by blue points in Fig. 1, are
determined by the spin gap ∆E by using the properties
that ∆E > 0 in the dimer phase while ∆E = 0 in the
two RS phases. Details are given in SII of supplemental
materials [39].
As mentioned, we conclude that the gapless nonmag-
netic phase in the upper-right part of the phase diagram
is the frustrated RS phase, rather than the large-spin
phase as suggested by the SDRG analysis [32]. Since
both the frustrated RS phase and the large-spin phase
are gapless nonmagnetic states with R > 0, we finally
need to examine the finite-temperature properties, the
low-temperature specific heat in particular, to discrimi-
nate the two phases. The details of the distinction be-
tween the frustrated RS phase and the large-spin phase
will be given in Section III C below. In our identification,
we shall make a comparative study of the J1-J2 model in
the relevant parameter range, together with the random
FM-AFM chain which is believed to exhibit the large-
spin FP behavior, by highlighting the difference between
the two models. Additional information about the finite-
temperature properties of these models is given in SIII
of supplemental materials [39].
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FIG. 1. Ground-state phase diagram of the s = 1/2 random-bond J1-J2 Heisenberg spin chain in the frustration (J2) versus
the randomness (∆) plane. “TLL” and “Dimer” represent the gapless Tomonaga-Luttinger liquid and the dimerized state with
a finite spin gap, respectively. The blue points denote the transition points estimated from the spin gap, while the green points
denote those estimated from the ratio of the samples with non-singlet ground states of 〈S2tot〉 > 0, R.
B. The unfrustrated random-singlet phase v.s. the
frustrated random-singlet phase
In this subsection, we focus on the unfrustrated RS
phase and the frustrated RS phase, their relation and
distinction in particular, and show how we determine the
associated phase boundary represented by green points in
the phase diagram of Fig. 1. As mentioned in the pre-
vious section, the unfrustrated RS state has been estab-
lished in the presence of randomness ∆ > 0 at J2 = 0.
The state is nonmagnetic and gapless, similarly to the
frustrated RS state identified in 2D and 3D, and to the
SG-like large-spin phase. Meanwhile, in contrast to the
frustrated RS phase and the large-spin phase where the
rate of the 〈S2tot〉 > 0 samples, R, is nonzero, it has been
shown on the basis of the Marshall-Lieb-Mattis theorem
that R = 0 in the unfrustrated RS state of J2 = 0 [46].
Hence, the ratio R might be used to detect the phase
transition from the unfrustrated RS phase to another
phase.
In Fig. 2, we plot the ratio R v.s. the frustration
strength J2 in the case of randomness ∆ = 0.6 for the
random J1-J2 chain. As can be seen from the figure, R
takes a nonzero value when J2 exceeds ∼ 0.2. As men-
tioned, the SDRG suggests that even an infinitesimally
small J2 ∼ 10−6 might destabilize the unfrustrated RS
phase, and the critical value ∼ 0.2 might in fact be too
 0
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FIG. 2. The ratio of the samples with non-singlet ground
states of 〈S2tot〉 > 0, R, plotted versus J2 for ∆ = 0.6.
large caused by the finite-size effect. Anyway, the be-
havior of R indicates that, on increasing the frustration
J2, the unfrustrated RS phase of R = 0 exhibits a phase
transition into another phase of R > 0.
Further evidence of the J2-induced phase transition
can also be obtained from the behavior of the low-
temperature specific heat C. In Fig. 3, we show the
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FIG. 3. The temperature and size dependence of the specific
heat per spin C of the random J1-J2 chain of ∆ = 1 in the
unfrustrated (J2 = 0) case. Figure (a) shows a linear plot,
together with a magnified view of the low-T region in the
inset, while Fig. (b) shows a log-log plot. The dashed line in
Fig. (a) is a linear fit of the data at T ≤ 0.1, while the dashed
line in Fig. (b) with the slope unity is the guide to the eye.
The solid black line in Fig. (b) is the high-T expansion result.
temperature dependence of the specific heat of the ran-
dom J1-J2 chain of ∆ = 1 for the unfrustrated case of
J2 = 0 lying in the unfrustrated RS state. In the un-
frustrated RS state, it has been established that the low-
temperature specific heat behaves as C ∼ 1/| logT |3 [26].
Indeed, the computed specific heat exhibits the behavior
consistent with this expectation. Namely, the linear ex-
trapolation of the data in Fig. 3 (a) yields a nonzero
C(T = 0) > 0 value apparently violating the third law
of thermodynamics, suggesting the asymptotic behavior
falling faster than T -linear, which is also supported by
the log-log plot of C shown in Fig. 3 (b) where the ten-
dency of the upward bending is discernible as T is lowered
toward T = 0.
Such a behavior is in contrast to that of the frustrated
J1-J2 model of J2 = 0.5 and ∆ = 1 shown in Fig. 4. In
fact, as can be seen from Figs. 4 (a) and (b), the T -linear
behavior is observed in the frustrated case of J2 = 0.5,
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FIG. 4. The temperature and size dependence of the specific
heat per spin C of the random J1-J2 chain of ∆ = 1 in the
frustrated (J2 = 0.5) case. Figure (a) shows a linear plot,
together with a magnified view of the low-T region in the
inset, while Fig. (b) shows a log-log plot. The dashed red
line in Fig. (a) is a linear fit of the data at T ≤ 0.1, while the
dashed red line in Fig. (b) with the slope unity is the guide
to the eye. The solid black line in Fig. (b) is the high-T
expansion result.
quite similar to the ones observed in the frustrated RS
phase in 2D and 3D [4, 12, 13, 15, 18, 22]. Such an
observation indicates that the J2-induced nonmagnetic
gapless state is the different phase from the unfrustrated
RS phase (finally to be identified as the frustrated RS
phase). Note that the obtained T -linear behavior in Fig.
4 is in sharp contrast also to that suggested from the
SDRG analysis, C ∼ Tα logT with α . 0.44 [32–34].
We shall discuss the point in more detail in the next
subsection, also in reference to the large-spin phase.
C. The frustrated random-singlet phase v.s. the
large-spin phase
In this subsection, we identify the nature of the phase
stabilized in the upper-right region in the phase diagram
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FIG. 5. The spin freezing parameter q¯ plotted versus 1/
√
N .
Figure (a) represents q¯ of the random J1-J2 chain of J2 =
0.5 for various values of ∆, while (b) represents that of the
random FM-AFM model. The solid lines are linear fits to all
the data points. In the inset of Fig. (b), the same data are
plotted versus 1/ log(N/2.19).
of Fig. 1. In addition to the random J1-J2 chain, we
also consider in this subsection the random FM-AFM
chain as a typical 1D model realizing the large-spin (SG-
like) phase, to examine whether the randomness-induced
phase stabilized in the frustrated J1-J2 (J2 > 0) model
is the large-spin phase or not.
Figure 5 shows the spin freezing parameter q¯ of (a)
the random J1-J2 chain of J2 = 0.5 and (b) the random
FM-AFM chain. The spin-freezing parameter q¯ is defined
by
q¯ =
√
q(2), q(2) =
1
N2
∑
i,j
[
〈Si · Sj〉2
]
J
. (3)
Based on the analysis in SI of supplemental materials
[39], we assume the size dependence of q¯ to be q¯ = q¯∞ +
c′1/
√
N , instead of the spin-wave form q¯ = q¯∞ + c1/N .
As shown in Fig. 5 (a), q¯ is extrapolated to zero for
all ∆ shown here, indicating the absence of any kind of
magnetic LRO including the SG order. In Fig. 5 (b), on
 0
 0.1
 0.2
 0  0.1  0.2  0.3
l@ABCDEFGH
IJKLMN OPQRS
(a)
C
T
Ν=20
Ν=24
Ν=28
0
0.04
0.08
0 0.03 TUVW
10-1
10-2 10-1 100
XYZ[\]^_`a
FM-AFM chain
(b)
∝T bcde
∝T -2
C
T
Ν=20
Ν=24
Ν=28
FIG. 6. The temperature and size dependence of the specific
heat per spin C of the FM-AFM chain. Figure (a) shows a
linear plot, together with a magnified view of the low-T region
in the inset, while Fig. (b) shows a log-log plot. The dashed
red line in Fig. (a) is a linear fit of the data at T ≤ 0.04,
while the dashed red line in Fig. (b) is the power-law fit to
the data at T ≤ 0.04. The solid black line in Fig. (b) is the
high-T expansion result.
the other hand, q¯ of the random FM-AFM chain exhibits
somewhat different behavior, apparently extrapolated to
a positive value suggesting a difference from the ground
state of the frustrated J1-J2 chain. Of course, the posi-
tive q¯-value suggested from Fig. 5 (b) is a spurious one
originating from the extremely slow logarithmic decay of
the spin correlation function [35], which yields a strong
curvature in the large-N region due to the logarithmic
size dependence of q¯ [39]. To check the validity of the
possible logarithmic size dependence of q¯, we plot q¯ ver-
sus 1/ log(N/2.19) in the inset of Fig. 5. As can be seen
from this inset, the logarithmic size dependence looks
consistent with the data. Anyway, the different behav-
iors of q¯ between the random J1-J2 chain and the random
FM-AFM chain provide a supporting evidence that the
phase of the random J1-J2 chain with non-negligible J2
is not characterized by the large-spin FP.
For further comparison, we investigate the finite-
8temperature properties of the random FM-AFM chain.
In Fig. 6, we show the temperature and size dependence
of the specific heat per spin C of the random FM-AFM
chain expected to be described by the large-spin FP. As
can be seen from the figures, it exhibits the behavior
different from the T -linear behavior shown in Fig. 4.
Namely, as shown in the inset of Fig. 6 (a), the T -linear
extrapolation yield a spurious C(T = 0) > 0 value, while,
as shown in Fig. 6 (b), the log-log plot yields a slope
much smaller than unity, i.e., C ∼ T 0.26. The expo-
nent considerably smaller than unity is consistent with
the suggestion C ∝ T 0.44 logT for the large-spin phase
[33, 34], though the numerical exponent value is not so
close. These results indicate that the observed behavior
of the frustrated J1-J2 model shown in Fig. 4 is signifi-
cantly different from that of the large-spin phase shown
in Fig. 6, but quite resembles that of the RS phase in
high-D frustrated systems.
Thus, our conclusion is in contrast to the one suggested
from the SDRG studies where properties of both the J1-
J2 chain and the FM-AFM chain are characterized by
the same large-spin FP [32–34]. Instead, we regard the
R > 0 gapless phase identified in Section IIIA as the
frustrated RS phase, essentially of the same nature as
those identified in d ≥ 2 random frustrated systems in
previous works [4, 12–15, 18, 20–22].
IV. THE DENSITY-MATRIX
RENORMALIZATION-GROUP STUDY
In this section, we present the results of the DMRG
study on the ground state of the random J1-J2 chain,
including the unfrustrated case of J2 = 0. We also study
the properties of the random FM-AFM chain for com-
parison. We compute the spin-spin correlation function
[| 〈S0 · Sr〉 |], or more precisely,
[| 〈Si0−r/2 · Si0+r/2〉 |
]
with i0 being the center position of the chain, as a func-
tion of the distance between spins r.
Figure 7 exhibits the r-dependence of [| 〈S0 · Sr〉 |] on a
log-log plot for various system sizes N ≤ 64. (Concerning
the convergence problem of the DMRG method, see SIV
of supplemental materials [39]). Figure 7(a) represents
the data of the unfrustrated RS state of J2 = 0, Fig. 7(b)
and (c) represent the data of the frustrated RS state of
J2 = 0.2 and 0.5, respectively, while Fig. 7(d) represents
the data of the random FM-AFM chain. We fit the data
with the power-law form of [| 〈S0 · Sr〉 |] ∼ r−ρ in the
range of rmin ≤ r ≤ rmax with rmin = 4 and rmax = 38N ,
to extract the exponent ρ.
In the case of the unfrustrated RS state [Fig.7(a)], the
estimated ρ-values monotonically increase asN increases,
from 1.07±0.16 of N = 24 to 1.77±0.05 of N = 64. This
observation seems consistent with the relation ρ = 2 sug-
gested by the SDRG analysis [27, 35]. In the case of the
frustrated RS state [Figs.7(b) and (c)], the estimated ρ-
values exhibit a bit more irregular size dependence. Most
of them distribute around 1.2− 1.5, whereas one of them
exhibits a considerably larger value of ∼ 1.7. Hence,
while the data are suggestive of the ρ-value smaller than
two, say, ρ ∼ 1.3− 1.4, we still cannot rule out the pos-
sibility of ρ = 2.
In the large-spin state shown in Fig. 7 (d), the ρ-values
become further smaller, ρ ∼ 0.5, which might be the sig-
nature of the logarithmic decay suggested in Ref. [35].
Anyway, the ρ-value of the large-spin state is consider-
ably smaller than the corresponding values of the frus-
trated J1-J2 chain of J2 = 0.2 and 0.5, supporting the
view in the preceding section that the ground state sta-
bilized in the frustrating J1-J2 chain with non-negligible
J2 is not the large-spin state, but the frustrated RS state.
V. THE NATURE OF THE GROUND STATE
AND THE LOW-LYING EXCITATION OF THE
FRUSTRATED RANDOM-SINGLET STATE
In this section, we study the microscopic character of
the ground state and the low-energy excitations of the
1D frustrated RS state by investigating the singlet-dimer
configurations of the ground state and the first-excited
state, following the procedure of Ref. [4]. In Ref. [4], the
singlet-dimer configurations of the frustrated RS state
were studied for several 2D lattices together with those
of the 1D unfrustrated RS state in the random J1-only
chain. There, it was found that the ground state con-
sisted primarily of the hierarchically-organized singlet-
dimers together with the orphan spins and the resonat-
ing singlet-dimers clusters, while the ratio of the latter
two configurations were suppressed somewhat in the un-
frustrated 1D RS state as compared with that of the 2D
frustrated RS state.
In Ref. [4], the nature of the low-energy excitations
were also examined, where the three distinct types of
low-energy excitations, labeled as (A), (B), and (C), were
identified in the 2D frustrated RS state, i.e., (A) the
singlet-to-triplet excitation (and its reverse process), (B)
the diffusion of orphan spins accompanied by the recom-
bination of nearby singlet-dimers, and (C) the creation
(or annihilation) of singlet-dimers clusters, while real ex-
citations were generically combinations of these (A)-(C).
An interesting observation was that in the 2D frustrated
RS state the excitations (B) and (C) dominated, while
in the 1D unfrustrated RS state most of the excitations
were type (A) with few type (B) or (C).
Under such situations, to shed further light on the na-
ture of the possible frustrated RS state in 1D, we examine
the singlet-dimer configurations of the ground state and
the first excited state of the frustrated J1-J2 chain with
J2 > 0, in comparison with those of the unfrustrated
chain with J2 = 0 and of the frustrated models in 2D [4].
In our analysis, all possible bonds (spin pairs) (ij) in-
cluding all distant-neighbor bonds are ordered according
to their eij ≡ 〈Si ·Sj〉 values from smaller ones (negative
values with their absolute values large) to larger ones.
Then, the bonds are successively regarded as forming
910-4
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FIG. 7. The log-log plot of the spin-spin correlation function
[| 〈Si0−r/2 · Si0+r/2〉 |
]
of (a) the unfrustrated J1-only (J2 = 0)
chain, the frustrated J1-J2 chain of (b) J2 = 0.2, (c) J2 = 0.5, and (d) the random FM-AFM chain, for various system sizes
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FIG. 8. Typical singlet-dimer configuration of the ground
state in a certain sample of the size N = 64 of the J1-J2 chain
of J2 = 0.5 and ∆ = 1. Ellipses and arrows represent singlet-
dimers and orphan spins, respectively. Gray bonds represent
the interaction Jij , whose thickness represents its strength.
“singlet-dimers”, under the constraint that a site i which
has been involved in already assigned singlet-dimers can
no longer be included in a new singlet-dimer, except for
the special occasion of the “local resonance” of distinct
singlet-dimers of (ij) and (ik) with nearly degenrate eij
and eik, in which case we allow for a “singlet-dimers clus-
ter” consisting of more-than-two spins. Such a dimer-
formation procedure is repeated until all the remaining
spin pairs satisfy the condition eij ≥ −0.25 with a van-
ishing “entanglement of formation” (or “concurrence”),
meaning the two spins disentangled. The remaining spins
are regarded as “orphan spins”. For further details of the
procedure, refer to Ref.[4].
In Fig. 8, we show singlet-dimer configurations of the
typical ground state of the random frustrated J1-J2 chain
of J2 = 0.5 obtained by the DMRG calculation for the
N = 64 chain under open BC. Similarly to those ob-
served in Ref.[4], the ground state consists of hierarchi-
cally organized singlet-dimers, orphan spins, and resonat-
ing singlet-dimers clusters. One notable difference from
the 2D models is that the singlet-dimers in 1D are not
limited to near neighbors but sometimes formed between
further neighbors, in contrast to the frustrated RS state
in 2D where singlet-dimers are formed primarily between
nearest neighbors. Similar tendency was observed also
for the unfrustrated RS state in 1D, meaning such a fea-
ture reflects the 1D character [4].
In Fig. 9, we show singlet-dimer configurations of the
typical ground states and the corresponding first excited
states of the random frustrated J1-J2 chain of J2 = 0.5
obtained by the ED calculation for N = 32 under peri-
odic BC. The comparison of the figures in the upper and
lower rows reveals the low-energy excitation of each case.
As can be seen from these figures, the low-energy exci-
tations consist of the three types (A), (B), and (C) previ-
ously identified in Ref.[4], each illustrated in Figs. 9(a),
(b), and (c), respectively. The appearance probability of
the types (B) and (C) excitations turns out to be rather
high, being of comparable order to that of type (A), in
contrast to the unfrustrated RS state of the J1-only chain
where the type (A) excitation dominates with rather few
(virtually no) type (B) and (C) excitations, demonstrat-
ing that the nature of the low-energy excitation of the
frustrated RS state of the J1-J2 chain is similar to that
of the frustrated RS state in 2D. Such an observation,
i.e., the appearance of considerable amount of type (B)
and (C) excitations, which are hardly realized in the un-
frustrated RS state but appear in the frustrated RS state
in 2D, further strengthens our conclusion that the QSL
state in the frustrated random J1-J2 chain is the frus-
trated RS state, essentially of the same type as stabilized
in frustrated 2D and 3D systems.
VI. SUMMARY
Both the ground-state and finite-temperature proper-
ties of the random-bond s = 1/2 J1-J2 Heisenberg model
on the 1D chain were investigated by means of the ED,
DMRG, and Hams–de Raedt methods. The ground-state
phase diagram was constructed in the randomness (∆)
versus the frustration (J2/J1) plane. In the phase dia-
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FIG. 9. Typical singlet-dimer configurations of the ground state (upper row) and the first excited state (lower row) in certain
samples of the size N = 32 of the J1-J2 chain with J2 = 0.5 and ∆ = 1. Ellipses and arrows represent singlet-dimers and
orphan spins, respectively. Gray bonds represent the interaction Jij , whose thickness represents its strength. Each low-energy
excitation corresponds to (a) the breaking of an isolated singlet-dimer into two orphan spins (singlet-to-triplet excitation), (b)
the diffusion of orphan spins accompanied by the recombination of nearby isolated singlet-dimers, and (c) the annihilation of
a cluster of resonating singlet-dimers into isolated singlet-dimers and orphan spin.
gram, we found two types of randomness-induced states,
i.e., the unfrustrated RS state and the frustrated RS
state. The former is the conventional RS phase discussed
in the literature mainly for the 1D unfrustrated random
spin chain [24–27]. The latter, the frustrated RS phase,
is essentially equivalent to the one observed in d ≥ 2-
dimensional random frustrated systems, whose existence
has not been noticed thus far in 1D systems. It is a phase
distinct from the large-spin phase discussed in the SDRG
literature [32–34]. Although the reason why the SDRG
method yields a qualitatively different answer for the case
of the frustrated RS state is not quite clear, we suspect
that the important dynamical element of the frustrated
RS state, orphan spins which are mobile exhibiting diffu-
sive motion, can hardly be captured within the standard
SDRG scheme, and might be the main cause of the fail-
ure.
Our result may suggest that the nature of the frus-
trated RS state is robust not only to the details of inter-
actions and lattice types but also to the spatial dimen-
sionality including not only 2D and 3D but also 1D, as
long as the system possesses a certain amount of frustra-
tion and randomness. Together with the results obtained
in the previous works [4, 12–15, 18, 20–22], the frustrated
RS state seems to be a highly universal state of quantum
magnets, in contrast to the unfrustrated RS state which
seems to be rather specific to the 1D unfrustrated system
and is destabilized by a small amount of frustration or
interchain coupling.
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